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The main theme of this paper is the study of the number, v(G, k), of conjugacy clases of a com- 
plex semisimple group G which consist of  elements whose orders divide k. We define an involu- 
tion v on the set of  isomorphism classes of  such groups and show that v(G v, k) = v(G, k). Explicit 
formulas for v(G, k) are obtained for all simply connected or adjoint groups, as well as for all 
groups of type A t . We obtain also some new partition identities which may be of interest o 
number-theorists. 
O. Introduction 
This is a sequel to our previous paper [2] on the same subject. The study of 
elements of finite order in these groups was recently undertaken by Moody and 
Patera [7], whose work had a great deal of influence on us in preparing this paper. 
As in [2] our main theme is the study of v(G, k), the number of conjugacy classes 
of a connected semisimple complex Lie group G consisting of elements whose orders 
divide k, and related matters. Although we do give explicit formulas for v(G, k) 
when G is simply connected, this is not really our main objective. The method of 
obtaining these formulas was indicated in [7], where also an explicit example was 
given. In view of Theorem 1, the case of adjoint groups reduces to the case of simply 
connected groups. In [2] we have obtained a simple formula for v(G, k) in the case 
when k is relatively prime to the order of the Weyl group of G. It turns out that 
that formula is valid in many other cases as well and we determine xactly its scope 
of applicability. In Section 3 we prove some summation formulas for restricted par- 
titions which may be of interest o number-theorists. The same remark applies to 
Theorem 7. 
We shall now describe the contents of the paper in detail. We start by defining 
an involution v on the set of isomorphism classes of connected semisimple complex 
Lie groups. In Theorem 1 we show that v(G, k)= v(G v, k) is valid for all k. In 
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Theorem 2 we obtain a simple formula for the generating function ~ v(G, k)t k in 
the case when G is simply connected. A different ype of generating functions was 
used by Moody and Patera [7]. While it is possible to obtain our function from their 
function we have not done so since our proof is more direct and simpler. In 
Theorem 3 we determine the domain of validity of our formula for v(G, k) for 
simply connected and almost simple G. By using this formula we obtain in Theorem 
4 a result which supports the suggestion made by Moody and Patera that some 
strong relationship exists between the exponents mi of G and the coefficients n i 
obtained by expressing the highest root as a linear combination of the simple roots. 
As a preliminary to the formulas for v(G, k) when G is a group of type At, we 
prove in Theorem 5 two summation formulas for a certain type of restricted par- 
titions. The same method can be applied to obtain other similar summation for- 
mulas. Since these other formulas are not needed in this paper we state without 
proof only one of them. In Theorem 6 we derive explicit formulas for v(G, k) when 
G is a quotient of SL(n, C). Then by applying Theorem 1, we show that a certain 
curious number-theoretic function of three arguments i symmetric in the first two 
of them (see Theorem 7), which we were not able to prove directly. 
In conclusion I would like to thank R. Moody and J. Patera for sending me their 
preprint [7]. 
Notations 
(a, b) is the g.c.d, of a and b, [a, b] is the 1.c.m. of a and b, 
a lb means that a divides b, 
denotes the Euler function,/~ denotes the Moebius function, 
Z is the ring of rational integers, Zk denotes the quotient group Z/kZ, 
IX I denotes the cardinality of the set X, 
tSiy is the Kronecker delta symbol, 
[] indicates the end of a proof. 
1. Equality v(G, k) = v(G v, k) 
Let R be a reduced root system in a real vector space II, and let Q (resp. P) be 
the root (resp. weight) lattice of R. Let RVc V* be the inverse root system of R, 
and let QV (resp. pv) be the root (resp. weight) lattice of R v. If M is a lattice in V 
such that Q CMC P, then its dual lattice M* defined by 
M*= {ae V*: ot(o) eZ, VoeM} 
satisfies QvCM*cpV. We have P*= QV and Q.=pv.  Similarly if L is a lattice in 
V* such that QVcLcpV,  then its dual lattice L* satisfies QCL*CP. Clearly we 
have M**=M and L**=L for all lattices M and L such that QCMCP and Qvc  
LCP  v. 
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Now let G be a connected semisimple complex Lie group, H a maximal algebraic 
torus of G, g (resp. b) the Lie algebra of G (resp. H), R C[* the root system of (g, b), 
and Q (resp. P) the root (resp. weight) lattice of R. Let RVc ~ be the inverse root 
system of R and QV (resp. pv) the root (resp. weight) lattice of R v. Let f :  b~H be 
the homomorphism defined by f(h) = exp(2~zih). Then L c = Ker f is a lattice satisfy- 
ing QVcLGcpV, and we denote by PG its dual lattice. Thus Pc=L~ and Q c 
PGcP. 
One of the basic facts about G is that it is determined uniquely (up to isomor- 
phism) by the pair (R, Pc), see for instance [3, Chapter 7, 6] or [8]. Hence we can 
use the notation G(R, M) to denote any connected semisimple complex Lie group 
G having R as its root system and for which Po = M. Furthermore it is known that 
every lattice M satisfying QCMCP arises as Pc from some suitable group G. 
If G=G(R,M), then we define (up to isomorphism) the group G v by 
G = G(R v, M*). Clearly G-~G v is an involution of the set of isomorphism classes 
of connected semisimple complex Lie groups. If G = G(R, M), then G is simply con- 
nected (resp. adjoint) iff M=P (resp. M= Q). Since P*= Q, it follows that G is 
simply connected iff G v is an adjoint group. As examples let us mention that if 
G = SL(n, C), then G v = PSL(n, C), and if G = SO(2n + 1, C) then G v = Sp(2n, C). 
If G is any group and k a positive integer then, as in [2], we shall denote by v(G, k) 
the number of conjugacy classes of G contained in the set {xe G: Xk= 1}. When G 
is a connected semisimple complex Lie group, then v(G, k)< oo for all k. 
Theorem 1. I f  G & a connected semisimple complex Lie group, then 
v(G v, k) = v(G, k) for all k. 
Proof. Let G = G(R, M) and consequently GV= G(R v, M*). Let V be the ambient 
real vector space spanned by the root system R. The Weyl group W of R acts in V 
and by duality it also acts in V*. Hence we may identify W with the Weyl group 
of R v. By [2, Theorem 2], v(G, k) is equal to the number of orbits of W in M/kM. 
Since 
(M/kM)* = (kM)*/M* = (k- ~M*)/M* ~ M*/kM* 
as W-modules, the equaltiy v(G v, k)= v(G, k) follows from a theorem of Brauer, 
see [4, Satz 13.5, p. 536]. [] 
2. Generating function approach 
Let G, H, g, [~, R, Q, P, and f :~H be defined as in Section 1. Furthermore we 
assume in this section that G is simply connected, and so G = G(R, P). We associate 
with G the formal power series 
F(G,t)= ~, v(G,k)t k, (2.1) 
k~_O 
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where v(G, k) are integers defined in Section I. If G = G1 × G2 ×"" × Gm, then 
F(G,t)= ~I F(Oi, t) 
l<i<_m 
and so we may assume that G is almost simple, i.e., that the root system R is 
irreducible. 
Let l be the rank of R and {31, 32, ... , at} a base of R. Since R is irreducible it 
has the highest root which we denote by -a0.  In the expression 
-ao= ~ niai ,  (2.2) 
l<_i<l 
all the coefficients ni are positive integers. We set no = 1 so that 
niot i = O. 
O<_i<l 
Let l)0 be the real vector subspace of 1) spanned by R v. Then we have b = t)0 + ib0. 
For l<_i<l the fundamental dual weight ogVeP v is defined by aj(tov)=Jij, 
l<_j<_l. For convenience let us define 09~=0. Denote by O:pV--+PV/Q v the 
canonical map. Let X be the character group of the finite abelian group pv/Qv. 
Theorem 2. Let G be an almost simple, connected and simply connected complex 
Lie group. Then we have 
F(G,t)= Ixl =1 E I] [1-x(O(tov))tnq -1 (2.3) 
z~X O~i<l  
Proof. Let k be a positive integer and x e G such that xk= 1. After replacing x
by a suitable conjugate, we may assume that x=f(h) where h lies in the closed 
Euclidean simple A in b0 whose vertices are  nio~ v, O<_i<_l. If ti, O<_i<_l, are the 
barycentric oordinates of h, we have ti>_O, O<_i<_l, 
h= ~ tin~l(D v, E ti=l" 
O<i<_l O~i<--I 
Since f (kh)=xk=l ,  i.e., kheKer f=La=Q v, it follows that the numbers 
s i=kt in : ,  ~ , O<i<<_l, are nonnegative integers and we have 
E Si0(O)v) =0, E nisi =k" (2.4) 
l<i<--I l<_i<l 
It is well known that no two elements of f (d)  are conjugate in G, and so v(G, k) 
is equal to the number of nonnegative integral solutions (s 0, s~, ..., st) of the system 
(2.4). 
On the other hand the right hand side of (2.3) has the power series expansion 
[XI-] x~x Esj~0 X/O/El <i<_l s i (d)~))  tZO'~i<lni$i' 
O<i<l 
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and the coefficient of t k in this expansion is also equal to the number of non- 
negative integral solutions of the system (2.4). [] 
If W is the Weyl group of R and if k and 114"1 are relatively prime, then it was 
shown in [2] that 
v(G, k) = I-I mi + k (2.5) 
l<_i<l mi+ 1 
where mi, 1 <i<_l, are the exponents of W. 
The restriction that k and I Wl be relatively prime can be relaxed in the case when 
G is simply connected. To show this we need some more notations. Let di be the 
order of 0(~o v), 0 < i<_ l. Since o~ = 0, we have do = 1. Let d be the least common 
multiple of the integers nidi, O<i<_l. 
Theorem 3. I f  G is as in Theorem 2 and k and d are relatively prime, then the 
formula (2.5) is valid. 
Proof. It follows from (2.3) and Z(0(oov))ai= 1 that 
F( G, t) = p(t)(1 - td) -1- 1, (2.6) 
where p(t) is a polynomial in t. Consequently for a fixed r, O<_r<d, v(G, jd+ r) is 
a polynomial in j. Assume that r and d are relatively prime and set k =jd + r. Since 
each ni and each di divide [ W I, it follows that r and I W[ are relatively prime. Thus 
for k =jd + r the formula (2.5) is valid for infinitely many values of j. Since the right 
hand side of (2.5) is also a polynomial in j, it follows that (2.5) must be valid for 
all j_> 0. [] 
When G is of type At we have IWI =( l+ 1)! while d=l+ 1. For other types we 
list in Table 1 the prime divisors of d. 
Table 1 
type primes dividing d 
B,C,D 2 
E6, E7,F4, G 2 2,3 
e8 2,3,5 
Explicit formulas for v(G, k) when (2.5) is not applicable will be given in the ap- 
pendix to this paper. They will be all derived from formula (2.3). 
Moody and Patera [7] have suggested that there may exist a deeper elationship 
between the exponents m i, l<_i<_l, of fl and the integers ni, l<_i<l, defined by 
(2.2). Our next result shows that a relationship between the mi's and the ni's indeed 
exists. However this relationship is not yet well understood. 
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In order to state our result we introduce another ational function 
where D is the differentiation operator d/dt. In view of the formula (2.6) the 
function 
(1 - td) l+ 1 IF(G, t) - f (g,t)]  (2.7) 
is a polynomial in t. 
Theorem 4. Let G be as in Theorem 2. Then the polynomial (2.7) contains no powers 
t k with (k, d)= 1. 
Proof. It suffices to show that the Taylor series of F(G, t) - f (g ,  t) in powers of t does 
not contain any powers t k with (k, d )= 1. The coefficient of t k in the expansion of 
F(G, t) is v(G, k). On the other hand it is easy to show that the coefficient of t k in 
the expansion of f(g, t) is precisely the expression on the right hand side of (2.5). 
Hence the assertion follows from Theorem 3. [] 
3. Some partition identities 
Let p(m, k, n) denote the number of partitions of n (_> 0) into at most k parts each 
of which is of size at most m. If n < 0 we set p(m, k, n) = O. For some basic properties 
of these restricted partitions ee [1, Chapter 3]. We shall need only the first formula 
of the next theorem. 
Theorem 5. For r, d, k positive integers, we have 
and 
. . / ( rd+k) /a \  
r ~ tp(a,~ k/a ) '  2 p( rd -  1, k, i d ) -  rd-+ 1 ,Ira.k) 
i>0  
(3.1) 
u(a){ (rd + k)/.) ~, p( rd -1 ,k ,  id+ 1)= r ~ (3.2) 
i~z rd+k altd, k) \ k /a  J" 
Proof. Let X and t be commuting indeterminates where X is subject o X a = 1, and 
let 
Fm(X,t)= n (1-xJt) -1. 
O<_j<rd-m 
This function has a formal power series expansion 
Fm(X,t)= H (s~XJSJtSJ) • 
O<j<rd-m 0 
Consequently, the coefficient of X°t k in the expansion of Fro(X, t) is equal to the 
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number of nonnegative integral solutions (So, sl,..., Sra-m) of the system 
~, isi - 0 (modd) ,  ~ S i - -  k, 
O<i<_rd-m O<i<_rd-m 
i.e., it is equal to 
p( rd -  m, k, id). 
i>_O 
(3.3) 
On the other hand we have 
Fm(X,t)  = I-I (1 -x J t )  -r I-[ (1 -x J t )  • 
O<_j<d l< j<m 
We can write 
Fm(X,t)= ~ XiGm, i(t), 
O<_i<d 
where Gm, i(t) are formal power series in t .  For Gm, o(t) we have the formula 
Gm, o(t)=d -1 ~ Frn(e i t ) ,  
O<j<d 
where e - exp(2~zi/d). If a and b are positive integers uch that a I d, 1 < b < d/a ,  and 
(b, d/a) = 1, then 
Fm(eab, t)=(1--td/a) -ra 1-I (1--eJabt) •
O<_j<m 
Consequently we have 
Gm, o(t) =d -1 ~ (1 - ta) -rd/a 
ala 
For m -- 1 we have 
r i  (1 - eJbd/at). (3.4) 
l<_b<_a l<_j<m 
(b, a) = 1 
G1,o(t)=d -I ~, tp(a)(l - ta) -rd/a. 
ala 
The formula (3. I) is obtained by expanding each of the terms on the right hand side 
using the binomial series, then computing the coefficient of t k and equating it to 
the expression (3.3) for m = I. 
Next we need the formula 
ebd/a = l.t(a). 
l<b<a 
(b ,a)  = 1 
This formula is well known; see for instance [5] where explicit formulas are given 
also for some other coefficients of  cyclotomic polynomials. Hence the formula (3.4) 
for m = 2 gives 
GE,0(t) = Gi,0(t) - (t/d) ~/a(a)(1 - ta) -ra/a. 
ala 
By comparing the coefficients of  t k we obtain 
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. . [ ( rd+k-  1)/a- 1~ 
~[p( rd - l , k ,  id ) -p ( rd -2 ,k ,  id)]=d -1 ~ lata)~ rd/a J" 
i~Z al(d,k- 1) 
From here we obtain the formula (3.2) by using the obvious equality 
p(rd-  1, k, id) -p ( rd -  2, k, id) =p(rd-  1, k -  1, id -  rd + 1), 
and by replacing k with k+ 1. 
The above method can be used to obtain some other formulas of similar type. For 
instance, by using the case m =0, one can show that 
E E p(rd-  1, j, id) = E p(rd, k, id). 
i>_O O<_j<_k i>O 
4. Groups of type At 
In this section we shall denote by G the group SL(I+ 1, C) and we shall write 
n = / + 1. The center of G will be identified with the group Z, = Z/nZ. If m [ n, then 
Zm will be identified with the unique subgroup of Z, of order m. The formula 
v(G,k)= ~ E ~(d)( (n+k)/d'~ (4.1) 
n + k al(,,k) n/d J 
(in a different setting) was obtained by O.P. Lossers [6] as a solution of a problem 
proposed by the author. It is interesting to observe that the above expression is sym- 
metric in n and k. Formula (4.1) can also be derived from a generating function of 
Moody and Patera [7]. 
Our main objective in this section is to obtain a formula for v(G/Zm, k) where 
m ln. For that purpose let us introduce a number-theoretic function 
F(a, b, c) = ~ (b, d)~p(d)(a(c/d), (4.2) 
d 
al(a,c) 
clIb, al 
where a, b, c, d are positive integers. It is easy to see that F(a, b, c) = 0 unless c [ [a, b]. 
Furthermore if (a, b) = 1 and c Iab, then F(a, b, c) = ~a(c). 
Theorem 6. I f  G = SL(n, C) and n = mr, then 
v(G/Zm, k)_ 1 E F(m,r,d)((n+k)/d). (4.3) 
n + k al(,,k) n/d ] 
Proof. We shall use the notation R, R v, P, pv, Q, QV, ai, w v, H, ~, b, f,  A intro- 
duced in Section 2. There is an action of the center Z n of G on A which permutes 
cyclically the vertices co v, 0 < i_< 1, and satisfies 
f(x(h)) = xf(h) (4.4) 
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for all h ~ A and all x ~ Z n. Note that in the case that we are now considering we 
have n i = 1, 0 < i<_ l, and di = i, 1 < i<_ 1. Let k be a positive integer and let y e G 
satisfy yk~ Zn. By replacing y with a suitable conjugate, we may assume that 
y =f(h) for some h cA .  Then h can be written as 
h = k -l ~, sio9 v (4.5) 
O<_i<l 
where si, O< i<_l, are nonnegative integers satisfying 
si = k. (4.6) 
O<i<_l 
We shall say that the n-tuple 
S= (So, Sl , ... , Sl) (4.7) 
represents he conjugacy class of y in G and also the conjugacy class of the image 
of y in G/Z m. It follows from (4.5) that yk~ Zm iff 
E is i -O (mod r). (4.8) 
l<--i<--I 
Let S be the set of all nonnegative integer n-tuples (4.7) satisfying (4.6) and (4.8). 
Let h(s) be the element of A defined by (4.5). Two elements s and s' of S represent 
the same conjugacy class of G/Z m i ff  h(s) and h(s') belong to the same orbit of Zm 
in A. Hence v(G/Zm, k) is equal to the number of orbits of Zm acting on S. This 
latter action can be described as follows: for a suitable generator z of Zm we have 
Z(S)=S" where S;=Si+r, O<i<_l, and Si+l=Si .
Let m = ab and observe that the number of fixed points of z a in S is equal to the 
number of nonnegative integral solutions of the system 
b(so + sl + ... + Sra_ l) = k, (4.9) 
b(sl + 2s2 +""  + (ra - 1)Sra - 1) - 0 (mod r). (4.10) 
Hence this number is 0 unless b lk  in which case it is equal to 
p( ra -  1,k/b, ir/(r, b)). 
i~0 
By Theorem 5 this sum is equal to 
re(r, b) ~ ~(d) (  (n + k) /bd~ 
n + k d lck/b,r/Cr, b)) k /bd  J" 
Hence the number of orbits of Zm in S is equal to 
1 ~, E (r, b)~p(b)~p(d)((n + k) /bd~ 
n + k b l(m ,k) d](klb, r/(r,b)) k /bd  J" 
By changing the order of summation we obtain the required formula (4.3). [] 
Since/7.(1, b, c) = ~0(c), our formula (4.3) is indeed a generalization of the formula 
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(4.1). Using our formula (4.3) we can now show that F is symmetric in the first two 
arguments. 
Theorem 7. We have F(m, r, d) = F(r, m, d) for all positive integers m, r, d. 
Proof. Let n = mr. We may assume that d I n since otherwise F(m, r, d) and F(r, m, d) 
are both 0. By Theorem 1 we have v(G/Zm, kn)= v(G/Z r, kn) for all k. By (4.3) 
both sides of this equality are polynomials in k. It remains to observe that the 
binomial coefficients 
(k+ 1)n/d'~, din 
n/d ,/ 
considered as polynomials in k are linearly independent. [] 
5. Appendix 
In this section G will be a connected and simply connected almost simple complex 
Lie group. We shall list here explicit formulas for v(G, k) whenever formula (2.5) 
is not applicable (see Theorem 3). It will be convenient to write instead of G in 
v(G,k) the corresponding Cartan symbol. The case G=At was dealt with in the 
previous ection. 
In the remaining classical cases the formulas are: 
(21+k+ 1 
(2t÷2k÷ ) {21÷2k' 
2v(D2t+ 1,4k + 2) = \ 2l + 1 + \ 21- 1 ,]' 
2v(D2t,4k+2)=4(212?k)+~2'+2k-1 
2v'D2t+"4k) : 4~21+ 2k~\  l+1 ]+ (21+2k-1)+(l+lk21-1 -1  ) , 
2v(D2"4k)=4(21+2k-1)+~21+2k-2~+(llk)+3(l+k-1)'21 \ 21-  ,/ 1 
For the exceptional groups G2, F4, and E6 the formulas are given in Tables 2, 3, 
and 4 respectively. 
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Table 2 
r 0 2 3 4 
v(G2, 6k + r) 3k(k + 1) + 1 (k + 1 )(3k + 2) 3 (k + 1 )2 (k + 1 )(3k + 4) 
Table 3 
r v(F 4, 12k + r) 
0 
2 
3 
4 
6 
8 
9 
10 
2k(k + l)(9k 2 + 9k + 4) + 1 
(k + 1)(3k + l)(6k 2 + 8k + 3) 
(k + 1)(2k + 1)(18k 2+ 27k + 8)/2 
2(k+ 1)2(3k + 2) 2 
(k+ 1)2(18k 2+ 36k+ 17) 
2(k + 1)2(3k + 4) 2 
(k + 1 )(2k + 3)(18k 2+ 45k + 26)/2 
(k + 1)(3k + 5)(6k 2 + 16k + 11) 
Table 4 
r 120 v(E 6, 6k + r) 
120 + 2k(k + 2)(54k 4+ 216k 3 + 333k 2 + 234k + 123) 
2(k+ 1)(k+ 2)(3k + 2)(3k+ 5)(6k 2 + 16k+ 9) 
(k + 1)(k + 2)(108k 4+ 688k 3 + 1395k 2+ 1269k + 480) 
2(k + 1)(k + 2)(3k + 4)(3k + 7)(6k 2 + 20k + 15) 
For the exceptional group E7 we have the formulas 
a {k+7-s~ 
V(gT, 12k r) = o_<~,_< 6 ~-~ rs~ 7 ]' + 
where the coefficients ars are integers listed in Table 5. 
Table 5 
r \ s  0 1 2 3 4 5 6 
0 1 521 9497 29034 20251 2869 35 
2 4 992 12754 30256 16480 1712 10 
3 6 1308 14586 30408 14586 1308 6 
4 15 1752 16376 30280 12831 952 2 
6 44 2906 20120 29116 9532 490 0 
8 112 4545 23696 26882 6744 229 0 
9 159 5571 25374 25374 5571 159 0 
10 254 6736 26772 23824 4526 96 0 
Finally, for Es we have the formulas 
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8+k-s) 
v(Es, 60k + r) = ~ brs 
0_<s<8 8 
where the coefficients brs are integers and brs =0 for 30< r< 60. For the sake of 
completeness we shall also list the coefficients brs. These coefficients have the 
following symmetry properties: 
brs=b3o_r,a_s for 0<r_<30, <s<_8; 
brs=b9o_r,7_s for 30<r<60,  0<s<7.  
In view of these symmetry properties it suffices to list the coefficients brs for 
0_<r_< 15 and for 31 _<r_45. If r is not divisible by any of  2,3,5 then our formula 
(2.5) is applicable. Hence we may ommit such values of  r. For the remaining values 
of r the coefficients are given in Table 6. It is needless to say that the actual com- 
putation of these coefficients was carried out on a computer. 
Table6 
s r=0 r=2 r=3 r=4 r=5 
0 1 3 5 l0 15 
1 1366597 1691201 1876896 2081203 2303555 
2 143626378 160250557 169126731 178395851 188067805 
3 1624457989 1714067554 1759671908 1805768016 1852357250 
4 4240905745 4282411955 4301058735 4318297175 4334079150 
5 3094001119 2995120797 2945259720 2895163955 2844879535 
6 595138048 548866679 526733429 505251617 484421845 
7 20483167 17576888 16260804 15032514 13883020 
8 20956 14366 11772 9659 7825 
s r=6 r=8 r=9 r= 10 r= 12 
0 27 63 90 135 270 
1 2547531 3102551 3416994 3760240 4536288 
2 198155859 219625367 231030959 242899625 268074057 
3 1899395763 1994771439 2043059877 2091700825 2189974725 
4 4348420650 4372663930 4382541090 4390930975 4403149365 
5 2794434993 2693232237 2642547860 2591846890 2490561450 
6 464226699 425719479 407387331 389652035 355941747 
7 12812121 10880853 10012581 9206725 7760553 
8 6357 4081 3218 2550 1545 
S r=14 r=15 r=32 r=33 r=34 
0 505 670 30031 35667 42357 
1 5448265 5960475 23792451 25610729 27549093 
2 295243652 309606700 644124828 669656034 695878165 
3 2289369513 2339418205 3191495835 3239626500 3287293110 
4 4409270855 4410027900 4193940775 4168460735 4141699055 
5 2389648355 2339418205 1537086969 1494288513 1452086633 
6 324502190 309606700 128431334 121340556 114575247 
7 6515763 5960475 1097777 981266 876340 
8 902 670 0 0 0 
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s r=35 r=36 r=38 r=39 r=40 
0 49945 58881 80756 94028 109410 
1 29608720 31800825 36598901 39218481 41998015 
2 722809435 750440529 807844733 837624096 868113375 
3 3334456900 3381079470 3472541685 3517302275 3561368375 
4 4113655575 4084381995 4022208950 3989369340 3955415600 
5 1410517880 1369573029 1289646319 1250685567 1212391365 
6 108120805 101970315 90531409 85222184 80176135 
7 780740 694956 547247 484029 427725 
8 0 0 0 0 0 
s r=42 r=44 r=45 
0 146559 194259 222655 
1 48056490 54836274 58515700 
2 931257831 997277587 1031366970 
3 3647251755 3729889215 3769894675 
4 3884252805 3808985225 3769894675 
5 1137877656 1066159616 1031366970 
6 70825245 62402841 58515700 
7 331659 254983 222655 
8 0 0 0 
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